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ABSTRACT

Bianisotropic metasurfaces have enabled highly efficient wavefront transformation. However, a passive and lossless bianisotropic metasurface
must conserve local power at every point over the metasurface, hindering its application in handling complicated wavefields other than
plane waves. In this paper, the power flow-conformal design methodology and bianisotropic unit cells are combined to comply with such a
restriction. Our proposed approach provides a general recipe for arbitrary wavefront transformation with maximum power efficiency. As a
demonstration, a transmission-type acoustic metasurface was designed to focus 3000Hz plane wave airborne sound in the near field with
theoretically unitary power efficiency. The metasurface was validated by both numerical simulation and experiment.
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People have long been interested in shaping sound waves.
Conventional beam-forming techniques require active transducers
with phase control circuits, which are costly and complicated.
Recently, passive acoustic metasurfaces have been used to reshape
acoustic waves in a variety of ways.1–4 The simplest acoustic metasur-
faces are designed based on the generalized Snell’s law5–8 and rely on a
linear transmission phase gradient along the metasurface.

However, linear phase gradient metasurfaces (LPGMs) unavoid-
ably generate multiple diffractive orders that are generally undesirable.
These higher order modes not only distort the transmitted sound field
but also reduce the energy transmission efficiency since the acoustic
power is carried by these unwanted modes. Improvements were made
by using arbitrary phase modulation along the metasurface to match
the field distribution on both sides.9 Later, amplitude modulation was
incorporated into the unit cells to further suppress parasitic diffrac-
tion.10,11 This method comes with a price that in order to achieve
amplitude modulation, the unit cells must be lossy so that the overall
power transmission efficiency is reduced. As a result, a question was
raised that we can design a “perfect” metasurface that simultaneously
suppresses unwanted modes and maximizes efficiency.

For reflection-type metasurfaces, one path toward a perfect meta-
surface is to design nonlocal coupling of sound waves along the meta-
surface,12 but this metasurface is hard to realize experimentally.
Another way is to employ a curved, power flow-conformal design13

where the intensity flow of the total sound field is, by design, tangential
to the metasurface interface. By complying with the requirement of
local power conservation, the total power efficiency of this metasurface
is maximized.

For transmission-type metasurfaces, it has been shown that
scattering-free manipulation of sound can be achieved by using biani-
sotropic unit cells.14–17 The advantages of using bianisotropic unit
cells are that they can be theoretically passive while achieving higher-
than-unity pressure transmission coefficients.18,19 This enables manip-
ulation of sound waves without scattering into unwanted modes.
However, passive and lossless bianisotropic unit cells require the
power flow on both sides of the metasurface to be balanced locally,
which is not true for the most general wavefront transformation.
While bianisotropic metasurface design works well with incident and
transmitted plane waves, it cannot be used by itself to realize more
complex wave patterns like focusing or beam splitting for which nor-
mal power is not conserved.20 In these cases, a maximally efficient
wavefront transformation requires either gain media or local energy
redistribution along the metasurface.21 To solve the power disparity
problem with bianisotropic metasurfaces, people have augmented
them with auxiliary surface waves20,22 or implemented double-layer
structures.23 Nevertheless, these two designs suffer from disadvantages
such as low conversion efficiency between propagating and surface
modes and bulky geometries, respectively.
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Here, we show that we can combine the merits of bianisotropic
metasurfaces and power flow-conformal metasurfaces to achieve
highly efficient manipulation of arbitrary acoustic wavefronts. The
optimal geometric profile of the metasurface is determined by match-
ing the normal components of the incident and transmitted sound
intensity fields so that the power flow is balanced locally. Then, the
local pressure field transformation is realized using bianisotropic unit
cells. As a demonstration, we designed a power-flow conformal biani-
sotropic metasurface (PFCBM) that focuses a planar incident wave in
the near field and verified the design with simulation and experiments.

We start with the general case where the incident sound pressure
field pi is transformed to the transmitted field pt. For simplicity,
we consider time-harmonic waves in the 2D scenario so that pi
¼ pið~rÞejxt and pt ¼ ptð~rÞejxt , where~r ¼ x � x̂ þ z � ẑ and x is the
angular frequency of the sound. We would drop the time-harmonic
term ejxt in the following derivations for conciseness. Using the

acoustic wave equation in 2D: q @~v
@t þrp ¼ 0, where rp ¼ @p

@x þ
@p
@z,

the particle velocity of both the incident and transmitted sound fields
can be written as~v ¼ x̂ � vx þ ẑ � vz . Once the required sound pres-
sure field and particle velocity field are known, the corresponding
sound intensity field can be calculated by~I ¼ 1

2 Reðp �~v
�Þ.

We then find the optimal geometric shape of the metasurface to
ensure that the metasurface is power flow-conformal. We assume an
infinitely thin acoustic metasurface located at zs ¼ zsðxÞ. If the normal
component of the incident sound intensity vector and the normal
component of the transmitted sound intensity vector are not the same
on both sides of the metasurface, i.e., ~I iðx; zsÞ � n̂ðx; zsÞ 6¼~I tðx; zsÞ
�n̂ðx; zsÞ, then there must be net acoustic energy absorbed or generated
within the metasurface locally, corresponding to loss or gain of the
metasurface material. One way to achieve 100% energy transmittance
is to distribute the loss and gain so that they average to zero along the
metasurface.24 However, this method is not practically plausible as
there lack passive gain acoustic materials to facilitate such loss/gain
pattern.

Here, we adopt another strategy: the geometric shape of the
metasurface is tuned so that the metasurface is power flow-conformal,
i.e.,~I iðx; zsÞ � n̂ðx; zsÞ ¼~I tðx; zsÞ � n̂ðx; zsÞ. In this way, the required
metasurface can be lossless and passive. We define the residual sound
intensity field as

D~I ¼~I t �~I i ¼ x̂ � DIx þ ẑ � DIz: (1)

Thus, the problem becomes how to find a curve such that the D~I field
normal to the curve is always zero. We also define an auxiliary vector
field ~N ¼ �x̂ � DIz þ ẑ � DIx . It can be proven that13 if the fields on
both sides of the metasurface are source-free, i.e., r � I1 ¼ r � I2 ¼ 0,
then we haver� ~N ¼ 0 so that ~N can be written as the gradient of a
scalar field,rg ¼ �~N .

It can be seen that ~N is perpendicular to D~I . Suppose zg ¼ zgðxÞ
is one of the level curves of the scalar potential function g (g½x; zgðxÞ�
¼ Const.), then the normal vector along zg must be parallel to the ~N
vector, i.e., ~N ðx; zgÞ==n̂ðx; zgÞ. As a result, the power flow-conformal

condition D~Iðx; zgÞ � n̂ðx; zgÞ ¼ 0 is satisfied. In short, the geometric
profile of the metasurface should be chosen from the set of zg, i.e.,
zs 2 fzg1; zg2; zg3;…g. After choosing one specific zs ¼ zg jzg ð0Þ¼z0 ,
both the incident field and the transmitted field are determined every-
where on the x–z plane.

Third, we derive the physical structure of the proposed metasur-
face with the field distribution on both sides. The local response of the
acoustic metasurface can be characterized by a 2� 2 surface imped-
ance matrix Z ¼ Zðx; zsÞ, whose elements Z11;Z12;Z21, and Z22 are
defined by

piðx; zsÞ
ptðx; zsÞ

" #
¼

Z11 Z12

Z21 Z22

" #
�

n̂ðx; zsÞ �~v iðx; zsÞ
n̂ðx; zsÞ � �~vtðx; zsÞ

" #
: (2)

Since the metasurface is lossless and passive, the impedance matrix is
purely imaginary, i.e., Zmn ¼ jXmn. We can then re-write the imped-
ance matrix in the following form so that each element can be deter-
mined with the field distribution:

ReðpiÞ ImðpiÞ
ReðptÞ ImðptÞ

" #
¼

X11 X12

X21 X22

" #
�
�Imðn̂ �~viÞ Reðn̂ �~viÞ
Imðn̂ �~vtÞ �Reðn̂ �~vtÞ

" #
:

(3)

After the surface impedance profile is determined, we then
discretize the metasurface into a finite number of bianisotropic unit
cells. Here, we choose to use a hybrid structure composed of shunted
Helmholtz resonators and a straight channel, as shown in Fig. 2(a).
The depths of the cavities wa;wb;wc wd as well as the channel width
w1 can be varied to achieve the required bianisotropic response. The
details of the geometry are explained in the supplementary material. It
has been shown in Refs. 14 and 15 that such design possesses a large
degree of freedom and ensures compact structures.

As an example, a power flow-conformal bianisotropic metasur-
face (PFCBM) is designed for sound focusing. As shown in Fig. 1(a),
plane incident sound pi ¼ Ai exp ð�jkzÞ is focused to a single point at
(0, 0) after transmitting through the metasurface. The transmitted
sound can be written as pt ¼ AtH

ð1Þ
0 ðkrÞ accordingly, where H

ð1Þ
0 ðxÞ

is the zeroth order Hankel function of the first kind. Here, k ¼ x=c
is the wavenumber in air. f¼ 3000Hz is the designed frequency.
c¼ 343 m/s is the sound speed in air. Ai and At are the amplitudes of
the incident and transmitted waves, respectively. The particle velocity
fields of the incident and transmitted waves are

vx;i ¼ 0;
vz;i ¼ Aiexp �jkzð Þ=Z0

�
(4)

and

vx;t ¼ �jAtH
1ð Þ
1 krð Þ x

Z0r
;

vz;t ¼ �jAtH
1ð Þ
1 krð Þ z

Z0r
:

8>><
>>: (5)

Here, Z0 ¼ qc is the characteristic acoustic impedance of the air, and
q ¼ 1:225 kg=m3 is the density of the air at room temperature.
Hð1Þ1 ðxÞ is the first order Hankel function of the first kind. Without
losing generality, we assume Ai ¼ 1. Once the focal length f ¼ �z0 is
decided, we can calculate At by equating the values of sound intensity
along the z direction at ð0; z0Þ. Then, we simply write the g field and
find the level curve that crosses ð0; z0Þ. Following the methodology, as
mentioned before, the PFCBM can be designed. The scalar potential
field g(x, z) and the metasurface geometry zs ¼ zsðxÞ are shown in
Fig. 1(b). It suggests an important divergence from the plane wave
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reflection design, as mentioned in Ref. 13. We also mention here that
the shape of the metasurface is different from the trivial guess of a cir-
cle, hyperbolic curve, or a parabola. The geometric shape of the
PFCBM for single-point focusing is governed by a Riccati equation,
which can be found in the supplementary material.

The metasurface is then discretized into 19 unit cells spanning an
aperture of 0.31 m. The corresponding impedance of each unit cell is
shown in Fig. 1(c). The curves represent the theoretical calculation,
while the circles represent optimized unit cells. The difference in Z11
and Z22 indicates that our design is bianisotropic.25 The focal length is
f¼ 0.106 m. In order to find the optimal geometric parameters for the

bianisotropic unit cells, we first run the genetic algorithm to derive the
approximate values of all the parameters with randomized initial
population and then use the pattern search algorithm to find the exact
value of each parameter. In genetic algorithm optimization, the imped-
ance matrix of the structure is calculated analytically for computa-
tional efficiency, while in pattern search, the impedance matrix of a
structure is retrieved in COMSOL simulations for accuracy. The
method for analytical calculation and parameter retrieval in simula-
tions are outlined in Ref. 14. For simplicity, only the depths of the cavi-
ties of the four Helmholtz resonators wa;wb;wc;wd and the channel
width w1 are optimized for, while other geometric parameters are fixed
for all unit cells. The details of the geometric parameters of our design
can be found in the supplementary material.

We use the Pressure Acoustic module in COMSOL Multiphysics
5.4 to perform a numerical simulation with our PFCBM design. The
sound intensity amplitude j~I j is shown in Fig. 3(c) in arbitrary units.
For comparison, we have also drawn the sound intensity map of a lin-
ear phase gradient metasurface (LPGM) in Fig. 3(a) and the sound
intensity map of an arbitrary phase modulation metasurface (APMM)

FIG. 1. (a) Schematic of the power flow-conformal bianisotropic metasurface
(PFCBM). (b) The scalar potential field g(x, z) and the geometry of the proposed
sound focusing metasurface. (c) Impedance profile along the proposed metasur-
face. Theo.: theory. Opt.: optimization.

FIG. 2. (a) The geometry of the unit cell. (b) Experimental setup.
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designed with the synthetic field distribution method9 in Fig. 3(b). We
can find that our PFCBM can better localize the sound intensity
around the focal point (0, 0) compared with the other two metasurface
designs. Also, as is shown in Figs. 4(a) and 4(b), the PFCBM has
higher power transmittance than the other two designs. We calculate
the power transmittance of all three metasurfaces by integrating the
sound intensity amplitudes along the x axis. Both the large region
(x 2 ½�0:15; 0:15� m) and the small region (x 2 ½�0:05; 0:05� m)
results are shown in Table I.

For the experiments, we fabricated the designed metasurface with
3D printing and measured its performance in a 2D waveguide. The
experimental setup is shown in Fig. 2(b). A line array of loudspeakers
served as the sound source. To generate an incident plane wave, all
speakers were calibrated so that their output sound pressure ampli-
tudes and phases were the same. A microphone scanned across the
region of interest to image the 2D sound field with a step size of 5mm.
Sound absorbing foam was placed around the edges to prevent echoes.
We sent a Gaussian pulse centered at 3000Hz to drive the speakers
and time-gate the measured signal to minimize reflection from the
boundaries. Fourier transform was used to extract the sound pressure
signal’s amplitude and phase at 3000Hz from the measured acoustic

waveforms. Then, we calculate the particle velocity field~v by imple-
menting numerical spatial gradient on the sound pressure data. After
that, the sound intensity~I ¼ 1

2 Re½p�~v� could be readily derived. The
experimental results are shown in Fig. 3(d). It can be seen that the
acoustic energy is focused at the desired location as designed, and dif-
fraction into unwanted modes is suppressed compared to the other
two approaches shown in Fig. 4. It is worth noting that although our
design is 100% efficient in theory, factors such as finite unit cell discre-
tization, fabrication errors, and thermoviscous loss prevent it from
achieving 100% efficiency in practice.

To conclude, we have shown that a highly efficient metasurface for
arbitrary wavefront transformation can be constructed by combining a
power flow-conformal geometric profile with bianisotropic unit cells.
This design is purely passive and can direct 100% of the transmitted
energy to the desired focal point in theory. Moreover, the design

FIG. 3. Sound intensity map of the metasurfaces under plane wave incidence.
Colors are in arbitrary units. (a) Linear phase gradient metasurface (LPGM). (b)
Arbitrary phase modulation metasurface (APMM) designed with the synthetic field
distribution. (c) Power-flow conformal bianisotropic metasurface (PFCBM). (d)
PFCBM, experimental result.

FIG. 4. (a) Sound intensity gain along z¼ 0. (b) Sound intensity gain along x¼ 0.
All curves are compared with the incident sound intensity. We can see that the
sound transmitted through the power flow-conformal bianisotropic metasurface
(PFCBM) has higher energy as well as is better localized.

TABLE I. Energy transmittance.

Metasurface type (�0.15, 0.15) m (�0.05, 0.05) m

LPGM 60.8% 27.8%
APMM 95.4% 76.0%
PFCBM 97.4% 85.0%
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process is general and applies to arbitrary wavefront manipulation sce-
narios as long as the incident and transmitted sound fields can be
specified precisely. This work has potential applications in sensing,
ultrasound therapy, nondestructive testing, and other fields where effi-
cient sound focusing is of interest. The proposed framework for arbi-
trary wavefront manipulation is also expected to work for
electromagnetic metasurfaces.
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